Abstract. We investigate the ramification of modular parametrizations of elliptic curves over Q at the cusps. We prove that if the modular form associated to the elliptic curve has minimal level among its twists by Dirichlet characters, then the modular parametrization is unramified at the cusps. The proof uses Bushnell's formula for the Godement-Jacquet local constant of a cuspidal automorphic representation of GL(2). We also report on numerical computations indicating that in general, the ramification index at a cusp seems to be a divisor of 24.
If N is squarefree, then all newforms of level N are minimal by twist, and in this particular case, Theorem 0.2 follows easily by considering the action of Atkin-Lehner involutions. Thus modular parametrizations of semistable elliptic curves are always unramified at the cusps.
For general N , determining the ramification index becomes more intricate and we proceed as follows. In §2 we apply a formula of Merel which expresses the translate of a newform f as a linear combination of twists of f by Dirichlet characters. This enables us in §3 to reduce Theorem 0.2 to a purely local non-vanishing statement. We prove this non-vanishing in §5-6 using Bushnell's formula for the local constant of a cuspidal automorphic representation of GL (2) , together with results of Loeffler and Weinstein on the cuspidal inducing data underlying such representations.
Theorem 0.2 was suggested by numerical computations, which we report in §7. Using Pari/GP [14] , we estimated numerically the ramification indices at all cusps for all elliptic curves of conductor ≤ 2000. This provided us with a list of 745 elliptic curves (up to isogeny) whose modular parametrization seemed to have at least one ramification point among the cusps. Using Magma [2] , we then checked that none of the corresponding modular forms was minimal by twist. In our examples, the ramification index always appears to be a divisor of 24. It seems interesting to find a general formula for this number in terms of f .
I would like to thank Christophe Delaunay for helpful suggestions regarding this work.
First properties of the ramification index
Let f be a newform of weight 2 on Γ 0 (N ). For any x ∈ X 0 (N )(C), we define e f (x) = 1 + ord x (ω f ). Lemma 1.1. Let Q be a divisor of N such that (Q, N Q ) = 1, and let W Q be the corresponding Atkin-Lehner involution of X 0 (N ). For every x ∈ X 0 (N )(C), we have e f (W Q (x)) = e f (x). Lemma 1.2. Let σ ∈ Aut(C) and let f σ ∈ S 2 (Γ 0 (N )) be the newform obtained by applying σ to the coefficients of f . For every x ∈ X 0 (N )(C), we have e f (x) = e f σ (σ(x)).
Proof. This follows as in Lemma 1.1 from σ * ω f = ω f σ .
Recall that the set of cusps of X 0 (N ) is given by Γ 0 (N ) P 1 (Q). Proof. This is a consequence of [13, Thm 1.3.1].
The action of W Q on the cusps can be described as follows.
Proof. Since W Q is defined over Q, it suffices to compute the level of the cusp 
From now on, we fix an integer d ≥ 1 such that d 2 N and we define
Note that e f (1) = e f (∞) = 1. The case d = 2 is also easily treated.
Proof. Since the Fourier expansion of f involves only odd powers of q,
In this section, we apply a formula of Merel [12] expressing the additive translate of a newform as a linear combination of certain twists of this newform. The related problem of computing the Fourier expansion of a newform at an arbitrary cusp has also been studied by Delaunay in his PhD thesis [6, III.2] . Although Delaunay's results apply in the particular case considered here, we prefer to use Merel's formula since it does not assume that the newform is minimal by twist.
Let us first recall the notations of [12] . Let φ denote Euler's function. For any integer m ≥ 1, let Σ m be the set of prime factors of m. For any Dirichlet character χ ∶ (Z mZ) × → C × , the Gauss sum of χ is τ (χ) = ∑ a∈(Z mZ) × χ(a)e 2πia m , and the conductor of χ is denoted by m χ . For any newform F of weight k ≥ 2 on Γ 1 (M ) and for any prime
be the inverse of the Euler factor of F at p. If T + and T − are finite sets of prime numbers, we define
There exists a unique newform F ⊗ χ of weight k and level dividing
Using [12, (5) ] with
where χ runs through the primitive Dirichlet characters of conductor m χ dividing d, and the polynomial P p (X) ∈ C[X] is given by
From now on, we assume that f is minimal by twist. Then f ⊗ χ has level exactly N for every character χ of conductor dividing d, so that
Thus f d can finally be rewritten
We now apply W N . We have
In particular, we get
Note that b d,n = 0 whenever (n, d) > 1, and that the inner sum in (5) depends only on n mod d. If n = 1, then (5) simplifies to
Reduction to a local computation
In this section, we show that b d,n is a product of local terms depending only on the local automorphic representations associated to f , thereby reducing the non-vanishing of b d,n to a purely local question.
The basic observation is that if
Moreover S(p) (resp. S(p m ) with m ≥ 2) is the set of Dirichlet characters modulo p (resp. of conductor p m ). We will show that the summand in (6) decomposes accordingly as a product of local terms. We shift to the adelic language, which is more convenient for our purposes.
Let A Q be the ring of adèles of Q. We view Dirichlet characters as characters of A × Q Q × as follows. We attach to χ ∈ S(d) the unique (continuous) character
A word of caution is in order here : with the above convention, the induced map
Proof. Multiplying τ (χ) byχ(n) only amounts to change the additive character in the definition of the Gauss sum ofχ. The lemma now follows from the Chinese remainder theorem.
Let π f be the automorphic representation of GL 2 (A Q ) associated to f [10, §2.1]. For any χ ∈ S(d), we have a canonical isomorphism π f ⊗χ ≅ χπ f , where the latter representation is
where v runs through the places of Q, and π f ⊗χ,v denotes the local rep-
For any character χ of Q × p , we letχ be the unique character of
The following proposition shows that w(f ⊗ χ) can be written as a product of local constants. Proposition 3.2. There exist a constant C ∈ C × and an element a ∈ (Z dZ) × , depending on f and ψ but not on χ, such that (9) with the usual functional equation yields (12) w(f ⊗ χ) = −N s− 1 2 (π f ⊗χ , s). By [8, Thm 6 .16], we have (π f ⊗χ,∞ , ψ ∞ , s) = −1, so we get
It follows from the definition of the epsilon factor [5, §24.2] that there exists an integer b p ∈ Z not depending on χ p such that for every unramified character
Choosing ω p such that ω p χ p =χ p , and noting that ∏ p∈Σ Nω p (p bp ) = ∏ p∈Σ N χ p (p bp ) may be written χ(a) with a ∈ (Z dZ) × not depending on χ, we get the result by taking
Putting together the formulas (5), (8) and (11), we get
Cuspidal inducing data
In this section we recall how the local automorphic representations π f,p with p 2 N can be described in terms of cuspidal inducing data.
Let p be a prime such that p 2 N . Then Since π has trivial central character, the restriction of ξ to the center Z = Q × p of G is trivial, and since K Z is compact, ξ is finite-dimensional. The contragredient of ξ is defined byξ(k) = ξ(k −1 ) * . Finally, note that χπ ≅ c-Ind G K (χξ) for any character χ ∶ Q × p → C × . There are two maximal compact-mod-center subgroups of G up to conjugacy, namely
They are equipped with a canonical decreasing sequence of compact normal subgroups (K n ) n≥0 , which are defined as follows.
and K n = 1 + P n for any n ≥ 1,
The conductor r(ξ) of ξ is the least integer r ≥ 1 such that ξ(K r ) = 1. The relation between the conductors of π and ξ is as follows [4, A.3] .
In the unramified case v p (N ) = 2n, we may take K = K ′ and r(ξ) = n, and we define c = p 1−n ⋅ I 2 ∈ K.
In the ramified case v p (N ) = 2n + 1, we may take K = K ′′ and r(ξ) = 2n, and we define c = 0 −p −n p 1−n 0 ∈ K.
The proof of Theorem 3.3 relies on the following explicit formula, due to Bushnell, for the Godement-Jacquet local constant of π. 
We now express the sum of local constants appearing in Theorem 3.3 in terms of ξ. 
is the unique eigenvalue of the scalar endomorphism
Proof. Let r = r(ξ) and χ ∈S(p m ). Since f is minimal by twist, we have r(χξ) = r and Theorem 4.1 gives
Because det(c) is a power of p, we haveχ(det(c)) = 1. Multiplying the left hand side of (20) by τ (χ, ψ ′ ) and summing over χ, we get 
Since ψ ′ has level m, the inner sum over y vanishes. In all cases, this gives the proposition as stated. T (ξ, ψ, ψ
In order to establish Theorem 3.3, it suffices, thanks to Proposition 4.2, to show that T (ξ, ψ, ψ ′ ) ≠ 0. We prove this in the following sections, distinguishing the unramified and ramified cases.
The unramified case
In this section we assume v p (N ) = 2n with n ≥ 1, so that c = p 1−n ⋅ I 2 . Note that ψ(tr(cx)) = ψ(p 1−n tr x) and a ↦ ψ(p 1−n a) is a character of level n. So we fix characters ψ, ψ ′ ∶ Q p → C × of respective levels n, m with 1 ≤ m ≤ n, and we wish to prove that
is non-zero. Assuming the contrary, for every y ∈ GL 2 (Z p n Z) we have
Taking y = 1 t 0 1 with t ∈ Z p n Z and writing x = α β γ δ , we have tr(xy) = tr(x) + γt. So summing over t, we get
where B is the subgroup of upper-triangular matrices in GL 2 (Z p n Z).
Multiplying similarly on the left by lower-triangular matrices, we get
We now make use of the existence of a new vector for π. More precisely, let V be the space of ξ. By a result of Loeffler and Weinstein [10, Thm 3.6], there exists v ∈ V − {0} which is fixed by all diagonal matrices of K. Evaluating (27) at ξ
We will need further results about ξ, for which we refer the reader to [10, Thm 3.6] and its proof. The restriction of ξ to N = 1 Z p 0 1 is isomorphic to the direct sum of the additive characters of Z p of level n. Since N v spans V , the components of v with respect to this decomposition are nonzero. In particular, taking the ψ-component of (28) yields
We now distinguish according to the value of m. First case : m = n. Taking b = 0 in (29), we have
Now summing over a, we get
If n = 1 (resp. n ≥ 2) then this equality reads pψ(a 0 ) + 1 = 0 (resp. p n ψ(a 0 ) = 0), which gives a contradiction.
Second case : m < n. Making the change of variables d = ca in (29), we get
Fix a 0 ∈ (Z p m Z) × and consider first the sum over all a ∈ (Z p n Z) × such that a ≡ a 0 (p m ). It is zero except possibly when 1 + c ≡ 0 (p n−m ).
which simplifies to
Let u ∈ (Z p m Z) × be the unique element such that ψ ′ (1) = ψ(p n−m u).
The equality (33) can be rewritten
In particular a ≡ a ′ (p), and an easy induction gives a ≡ a ′ (p ) for every 1 ≤ ≤ m, so that a = a ′ .
The inner sum over k in (34) vanishes except when b = −h(a), in which case it is equal to p m . Thus taking b = −h(1), the equality (34) reads p m ψ ′ (−1) = 0 by Lemma 5.1, a contradiction.
The ramified case
In this section we assume v p (N ) = 2n + 1 with n ≥ 1, so that c = 0 −p −n p 1−n 0 . Note that ψ(tr(cx)) = ψ(p 1−n tr ′ x) where the function
So we fix characters ψ, ψ ′ ∶ Q p → C × of respective levels n, m with 1 ≤ m ≤ n, and we wish to prove that
is non-zero. Assume the contrary.
We have explicitly
Moreover, we have an isomorphism of groups
Let y ∈ K n . Multiplying T (ξ, ψ, ψ ′ ) on the right byξ(y −1 ), we get (36)
is a character which depends only on the coset xK n .
Lemma 6.1. The characters (Φ x ) x∈K 0 Kn are pairwise distinct.
. Let λ ∈ (Z p m Z) × be the unique element such that ψ ′ (1) = ψ(p n−m λ). It remains to prove that the map
Fix x 0 ∈ K 0 . If we multiply (36) byΦ x 0 (y) and sum over y ∈ K n K 2n , we get
According to Lemma 6.1, this simplifies to
In other words, for every x 0 ∈ K 0 we have
the help of Magma [2] , that for each curve in this list, the associated newform was not minimal by twist.
In Table 1 Note also that being minimal by twist is far from being a necessary condition in order for the modular parametrization to be unramified at the cusps. For example, the isogeny class 45a, which is a twist of 15a, has a modular parametrization which is unramified at the cusps.
In all cases we computed, the following properties seem to hold : (1) If e ϕ ( N ) ) is a newform and v p (N ) is odd, then f is p-minimal, in the sense that it has minimal level among its twists by characters of p-power conductor.
Looking at elliptic curves whose conductor is highly divisible by 2 or 3, we also found examples of higher ramification indices. These are given in Table 2 below. In this table, we also give examples of ramified cusps in the case N is odd. In all examples we computed, the ramification index seems to be a divisor of 24. This may be related to the fact that the exponent of the conductor of an elliptic curve at 2 (resp. 3) is bounded by 8 (resp. 5). It would be interesting to prove this divisibility in general. 
